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Abstract In this paper, we introduce and study a new system of generalized mixed
quasi-variational inclusions with (H, η)-monotone operators which contains varia-
tional inequalities, variational inclusions, systems of variational inequalities and sys-
tems of variational inclusions in the literature as special cases. By using the resolvent
technique for the (H, η)-monotone operators, we prove the existence of solutions and
the convergence of some new p-step iterative algorithms for this system of general-
ized mixed quasi-variational inclusions and its special cases. The results in this paper
unifies, extends and improves some known results in the literature.

Keywords System of generalized mixed quasi-variational inclusions ·
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1 Introduction

Variational inclusion problems are among the most interesting and intensively studied
classes of mathematical problems and have wide applications in the fields of optimiza-
tion and control, economics and transportation equilibrium, engineering science. For
the past years, many existence results and iterative algorithms for various variational
inequality and variational inclusion problems have been studied. For details, please
see [1–47] and the references therein.

Recently, some new and interesting problems, which are called to be system of
variational inequality problems were introduced and studied. Pang [27], Cohen and
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Chaplais [28], Bianchi [29] and Ansari and Yao [15] considered a system of scalar
variational inequalities and Pang showed that the traffic equilibrium problem, the
spatial equilibrium problem, the Nash equilibrium, and the general equilibrium pro-
gramming problem can be modeled as a system of variational inequalities. Ansari
et al. [30] introduced and studied a system of vector equilibrium problems and a
system of vector variational inequalities by a fixed point theorem. Allevi et al. [31]
considered a system of generalized vector variational inequalities and established
some existence results with relative pseudomonotonicity. Kassay and Kolumbán [16]
introduced a system of variational inequalities and proved an existence theorem by
the Ky Fan lemma. Kassay et al. [17] studied Minty and Stampacchia variational
inequality systems with the help of the Kakutani-Fan-Glicksberg fixed point theo-
rem. Peng [18,19] introduced a system of quasi-variational inequality problems and
proved its existence theorem by maximal element theorems. Verma [20–24] intro-
duced and studied some systems of variational inequalities and developed some
iterative algorithms for approximating the solutions of system of variational inequal-
ities in Hilbert spaces. Kim and Kim [25] introduced a new system of generalized
nonlinear quasi-variational inequalities and obtained some existence and unique-
ness results of solution for this system of generalized nonlinear quasi-variational
inequalities in Hilbert spaces. Cho et al. [26] introduced and studied a new sys-
tem of nonlinear variational inequalities in Hilbert spaces. They proved some exis-
tence and uniqueness theorems of solutions for the system of nonlinear variational
inequalities.

As generalizations of above systems of variational inequalities, Agarwal et al.
[32] introduced a system of generalized nonlinear mixed quasi-variational inclusions
and investigated the sensitivity analysis of solutions for this system of generalized
nonlinear mixed quasi-variational inclusions in Hilbert spaces. Kazmi and Bhat [33]
introduced a system of nonlinear variational-like inclusions and gave an iterative
algorithm for finding its approximate solution. Fang and Huang [34], Fang et al. [35]
introduced and studied a new system of variational inclusions involving H-monotone
operators and (H, η)-monotone operators, respectively. Yan et al. [36] introduced and
studied a system of set-valued variational inclusions which is more general than the
model in [34]. Peng and Zhu [37] introduced and studied a new system of general-
ized mixed quasi-variational inclusions involving (H, η)-monotone operators which
contains those mathematical models in [21–26,34–36] as special cases.

Inspired and motivated by the results in [15–37], the purpose of this paper is to intro-
duce a new mathematical model, which is called to be a system of generalized mixed
quasi-variational inclusions with (H, η)-monotone operators, i.e., a family of gener-
alized mixed quasi-variational inclusions with (H, η)-monotone operators defined on
a product set. This new mathematical model contains the system of inequalities in
[15,20–29] and the system of inclusions in [34–37], the variational inclusions in [1,
2,11] and some variational inequalities in the literature as special cases. By using
the resolvent technique for the (H, η)-monotone operators, we prove the existence
of solutions for this system of set-valued mixed quasi-variational inclusions. We also
prove the convergence of some p-step iterative algorithms approximating the solution
for this system of generalized mixed quasi-variational inclusions and its special cases.
The results in this paper unifies, extends and improves some results in [1,2,11,20–29,
34–37].



J Glob Optim (2007) 38:387–403 389

2 Preliminaries

We suppose that H is a real Hilbert space with norm and inner product denoted by ‖·‖
and 〈·, ·〉, respectively. Let CB(H) denote the families of all nonempty closed bounded
subsets of H, and D̃(·, ·) denote the Hausdorff metric on CB(H) defined by

D̃(A, B) = max

{
sup
a∈A

d(a, B), sup
b∈B

d(A, b)

}
, ∀A, B ∈ CB(H),

where d(a, B) = infb∈B ‖a − b‖, d(A, b) = infa∈A ‖a − b‖.
Now we recall some definitions needed later.

Definition 2.1 [35]. Let η : H × H −→ H and H : H −→ H be two single-valued
operators and M : H −→ 2H be a set-valued operator. M is said to be

(i) η-monotone if,

〈x − y, η(u, v)〉 ≥ 0, ∀u, v ∈ H, x ∈ Mu, y ∈ Mv.

(ii) (H, η)-monotone if M is η-monotone and (H + λM)(H) = H, for all λ > 0.

Remark 2.1 (1) It is easy to know that if H = I ( the identity map on H), then the
definition of (I, η)-monotone operators is that of maximal η-monotone operators.

(2) If η(u, v) = u − v, then the definition of η-monotonicity is that of monotonic-
ity, the definition of (H, η)-monotonicity becomes that of H-monotonicity in [1]
and the definition of (I, η)-monotone operators is that of maximal monotone
operators.

(3) Hence, the class of (H, η)-monotone operators provides a unifying frameworks
for classes of maximal monotone operators, maximal η-monotone operators, H-
monotone operators. For more details about the above definitions, please refer
[1,34–38] and the references therein.

Definition 2.2 [1,38] Let H, g : H −→ H, η : H × H −→ H be three single-valued
operators. g is said to be

(i) monotone if

〈gu − gv, u − v〉 ≥ 0, ∀u, v ∈ H;

(ii) strictly monotone if g is monotone and

〈gu − gv, u − v〉 = 0 if and only if u = v;

(iii) strongly monotone if there exists a constant r > 0 such that

〈gu − gv, u − v〉 ≥ r‖u − v‖2, ∀u, v ∈ H.

(iv) Lipschitz continuous if there exists a constant s > 0 such that

‖g(u) − g(v)‖ ≤ s‖u − v‖, ∀u, v ∈ H.

(v) strongly monotone with respect to H if there exists a constant γ > 0 such that

〈gu − gv, Hu − Hv〉 ≥ γ ‖u − v‖2, u, v ∈ H.

(vi) η-monotone if

〈gu − gv, η(u, v)〉 ≥ 0, ∀u, v ∈ H;
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(vii) strictly η-monotone if g is η-monotone and

〈gu − gv, η(u, v)〉 = 0 if and only if u = v;

(viii) strongly η-monotone if there exists a constant r > 0 such that

〈gu − gv, η(u, v)〉 ≥ r‖u − v‖2, ∀u, v ∈ H.

Definition 2.3 [38] Let η : H × H −→ H be a single-valued operator, then η(., .) is
said to be Lipschitz continuous, if there exists a constant τ > 0 such that

‖η(u, v)‖ ≤ τ‖u − v‖, ∀u, v ∈ H.

Remark 2.2 Let H = R be the real number space, η1 : R × R −→ R, η2 : R × R −→ R
and η3 : R × R −→ R be defined by η1(u, v) = u − v, ∀u, v ∈ R, η2(u, v) = 1

2 (u −
v), ∀u, v ∈ R, η3(u, v) = 2 sin[ 1

3 (u − v)], ∀u, v ∈ R. It is easy to check that η1, η2 and η3
are all Lipschitz continuous functions.

Definition 2.4 [35] Let η : H × H −→ H be a single-valued operator, H : H −→ H be
a strongly η-monotone operator and M : H −→ 2H be an (H, η)-monotone operator.
Then the resolvent operator RH,η

M,λ : H −→ H is defined by

RH,η
M,λ(x) = (H + λM)−1(x), ∀x ∈ H.

Definition 2.5 [39] Let M : H −→ CB(H) be a set-valued mapping. Then M is said to
be D̃-Lipschitz continuous if there exists a constant ξ > 0 such that

D̃(M(u), M(v)) ≤ ξ‖u − v‖, ∀u, v ∈ H.

We also need the following result obtained by Fan et al. [35].

Lemma 2.1 Let η : H × H −→ H be a single-valued Lipschitz continuous operator
with constant τ , H : H −→ H be a strongly η-monotone operator with constant γ > 0
and M : H −→ 2H be an (H, η)-monotone operator. Then, the resolvent operator
RH,η

M,λ : H −→ H is Lipschitz continuous with constant τ
γ

, i.e.,

‖RH,η
M,λ(x) − RH,η

M,λ(y)‖ ≤ τ

γ
‖x − y‖, ∀x, y ∈ H.

We extend some definitions in [37,39,45] to more general cases as follows.

Definition 2.6 Let H1, H2, . . . , Hp be Hilbert spaces, g1 : H1 −→ H1 and N1 :
∏p

j=1
Hj −→ H1 be two single-valued mappings.

(i) N1 is said to be Lipschitz continuous in the first argument if there exists a
constant ξ > 0 such that

‖N1(x1, x2, . . . , xp) − N1(y1, x2, . . . , xp)‖ ≤ ξ‖x1 − y1‖,

∀x1, y1 ∈ H1, xj ∈ Hj ( j = 2, 3, . . . , p).

(ii) N1 is said to be monotone in the first argument if

〈N1(x1, x2, . . . , xp) − N1(y1, x2, . . . , xp), x1 − y1〉 ≥ 0,

∀x1, y1 ∈ H1, xj ∈ Hj ( j = 2, 3, . . . , p).
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(iii) N1 is said to be strongly monotone in the first argument if there exists a constant
α > 0 such that

〈N1(x1, x2, . . . , xp) − N1(y1, x2, . . . , xp), x1 − y1〉 ≥ α‖x1 − y1‖2,

∀x1, y1 ∈ H1, xj ∈ Hj ( j = 2, 3, . . . , p).

(iv) N1 is said to be monotone with respect to g in the first argument if

〈N1(x1, x2, . . . , xp) − N1(y1, x2, . . . , xp), g(x1) − g(y1)〉 ≥ 0,

∀x1, y1 ∈ H1, xj ∈ Hj ( j = 2, 3, . . . , p).

(v) N1 is said to be strongly monotone with respect to g in the first argument if
there exists a constant β > 0 such that

〈N1(x1, x2, . . . , xp) − N1(y1, x2, . . . , xp), g(x1) − g(y1)〉 ≥ β‖x1 − y1‖2,

∀x1, y1 ∈ H1, xj ∈ Hj ( j = 2, 3, . . . , p).

In a similar way, we can define the Lipschitz continuity and the strong monotonicity
(monotonicity) of Ni :

∏p
j=1 Hj −→ Hi (with respect to gi : Hi −→ Hi) in the ith

argument (i = 2, 3, . . . , p).

3 A system of generalized mixed quasi-variational inclusions and a p-step iterative
algorithm

In this section, we will introduce a new system of generalized mixed quasi-variational
inclusions with (H, η)-monotone operators and construct some new p-step iterative
algorithm for solving this system of generalized mixed quasi-variational inclusions
and its special cases in Hilbert spaces. In what follows, unless other specified, for each
i = 1, 2, . . . , p, we always suppose that Hi is a Hilbert space, Hi, gi : Hi −→ Hi, ηi : Hi ×
Hi −→ Hi, Fi, Gi :

∏p
j=1 Hj −→ Hi are single-valued mappings, T1i : H1 −→ CB(Hi),

T2i : H2 −→ CB(Hi),…,Tpi : Hp −→ CB(Hi) are set-valued mappings and Mi: Hi −→
2Hi is an (Hi, ηi)-monotone operator. We consider the following problem of find-
ing (x1, x2, . . . , xp, y11, y12, . . . , y1p, y21, y22, . . . , y2p, . . . , yp1, yp2, . . . , ypp) such that for
each i = 1, 2, . . . , p, xi ∈ Hi, y1i ∈ T1i(x1), y2i ∈ T2i(x2), …, ypi ∈ Tpi(xp) and

0 ∈ Fi(x1, x2, . . . , xp) + Gi(yi1, yi2, . . . , yip) + Mi(gi(xi)). (3.1)

The Problem (3.1) is called a system of generalized mixed quasi-variational inclusions
with (H, η)-monotone operators.
Below are some special cases of Problem (3.1).

(i) If p = 2, then Problem (3.1) reduces to the following problem finding
(x1, x2, y11, y12, y21, y22) such that (x1, x2) ∈ H1 × H2, y11 ∈ T11(x1), y12 ∈
T12(x1), y21 ∈ T21(x2), y22 ∈ T22(x2) and

{
0 ∈ F1(x1, x2) + G1(y11, y12) + M1(g1(x1)),
0 ∈ F2(x1, x2) + G2(y21, y22) + M2(g2(x2)).

(3.2)

Problem (3.2) was introduced and studied by Peng and Zhu [37].
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(ii) If p = 1, then Problem (3.1) reduces to the following variational inclusions,
which is to find (x1, y11) such that x1 ∈ H1, y11 ∈ T11(x1) and

0 ∈ F1(x1) + G1(y11) + M1(g1(x1)). (3.3)

If T11 = H1 ≡ I1 ((the identity map on H1)) and M be a maximal monotone
operator, then Problem (3.3) becomes the variational inclusion introduced and
studied by Adly [11] which contains the variational inequality in [2] as a special
case.
If G1 ≡ 0, g1 ≡ I1 and M is a H-monotone operator, then Problem (3.3)
becomes the variational inclusion in [1] which contains the nonlinear varia-
tional inequality and the classical variational inequality (i.e., problem (3.2) and
(3.3) in [1]) as special cases.

(iii) For each j = 1, 2, . . . , p, if gj ≡ Ij ( the identity map on Hj) and Gj ≡ 0, then
Problem (3.1) reduces to the system of variational inclusions with (H, η)-mono-
tone operators, which is to find (x1, x2, . . . , xp) ∈∏p

j=1 Hj such that

0 ∈ Fi(x1, x2, . . . , xp) + Mi(xi). (3.4)

If p = 2, then Problem (3.4) becomes the system of variational inclusions with
(H, η)-monotone operators in [35] which contains the system of variational
inclusions with H-monotone operators in [34] as a special case.

(iv) For each j = 1, 2, . . . , p, if gj ≡ Ij, ηj(xj, yj) = xj −yj for all xj, yj ∈ Hj, and Fj ≡ 0,
then Problem (3.1) reduces to the system of set-valued variational inclusions
with H-monotone operators, which is to find (x1, x2, . . . , xp, y11, y12, . . . , y1p, y21,
y22, . . . , y2p, . . . , yp1, yp2, . . . , ypp) such that for each i = 1, 2, . . . , p, xi ∈ Hi,
y1i ∈ T1i(x1), y2i ∈ T2i(x2), …, ypi ∈ Tpi(xp) and

0 ∈ Gi(yi1, yi2, . . . , yip) + Mi(xi). (3.5)

If p = 2, then Problem (3.5) becomes a system of set-valued variational inclu-
sions with H-monotone operators which contains the mathematical model in
[36] as a special case.

(v) For each j = 1, 2, . . . , p, if Mj(xj) = ∂ηjϕj(xj) for all xj ∈ Hj, where ϕj : Hj −→
R ∪ {+∞} is a proper, ηj-subdifferentiable functional and ∂ηjϕj denotes the
ηj-subdifferential operator of ϕj, then Problem (3.4) reduces to the following
system of variational-like inequalities, which is to find (x1, x2, . . . , xp) ∈∏p

i=1 Hi
such that for each i = 1, 2, . . . , p,

〈Fi(x1, x2, . . . , xp), ηi(zi, xi)〉 + ϕi(zi) − ϕi(xi) ≥ 0, ∀zi ∈ Hi. (3.6)

(vi) For each j = 1, 2, . . . , p, if Mj(xj) = ∂ϕj(xj), for all xj ∈ Hj, where ϕj : Hj −→
R ∪ {+∞} is a proper, convex, lower semicontinuous functional and ∂ϕj denotes
the subdifferential operator of ϕj, then Problem (3.4) reduces to the following
system of variational inequalities, which is to find (x1, x2, . . . , xp) ∈ ∏p

i=1 Hi
such that for each i = 1, 2, . . . , p,

〈Fi(x1, x2, . . . , xp), zi − xi〉 + ϕi(zi) − ϕi(xi) ≥ 0, ∀zi ∈ Hi. (3.7)

(vii) For each j = 1, 2, . . . , p, if Mj(xj) = ∂δKj(xj) for all xj ∈ Hj, where Kj ⊂ Hj is a
nonempty, closed and convex subsets and δKj denotes the indicator of Kj, then



J Glob Optim (2007) 38:387–403 393

Problem (3.7) reduces to the following system of variational inequalities, which
is to find (x1, x2, . . . , xp) ∈∏p

i=1 Hi such that for each i = 1, 2, . . . , p,

〈Fi(x1, x2, . . . , xp), zi − xi〉 ≥ 0, ∀zi ∈ Ki. (3.8)

Problem (3.8) was introduced and researched in [15,27–29]. If p = 2, then Prob-
lems (3.6), (3.7) and (3.8), respectively, become problems (3.2), (3.3) and (3.4) in [35].
It is easy to see that Problem (3.4) in [35] contains the models of system of variational
inequalities in [20–24] as special cases.

It is worthy noting that Problem (3.1), problems (3.4)–(3.7) are all new problems.

Lemma 3.1 For i = 1, 2, . . . , p, let ηi : Hi × Hi −→ Hi be a single-valued operator,
Hi : Hi −→ Hi be a strictly ηi-monotone operator and Mi : Hi −→ 2Hi is an (Hi, ηi)-
monotone operator. Then (x1, x2, . . . , xp, y11, y12, . . . , y1p, y21, y22, . . . , y2p, . . . , yp1,
yp2, . . . , ypp) with xi ∈ Hi, y1i ∈ T1i(x1), y2i ∈ T2i(x2), …, ypi ∈ Tpi(xp) (i = 1, 2, . . . , p)
is a solution of the Problem (3.1) if and only if for each i = 1, 2, . . . , p,

gi(xi) = RHi,ηi
Mi,λi

(Hi(gi(xi)) − λiFi(x1, x2, . . . , xp) − λiGi(yi1, yi2, . . . , yip)),

where RHi,ηi
Mi,λi

= (Hi + λiMi)
−1, λi > 0 is a constant.

Proof The fact directly follows from Definition 2.4 �
For any given x0

i ∈ Hi (i = 1, 2, . . . , p), take y0
1i ∈ T1i(x0

1), y0
2i ∈ T2i(x0

2), …,
y0

pi ∈ Tpi(x0
p) (i = 1, 2, . . . , p). For i = 1, 2, . . . , p, let

x1
i =x0

i − gi

(
x0

i

)
+RHi,ηi

Mi,λi

(
Hi

(
gi

(
x0

i

))
−λiFi

(
x0

1, x0
2, . . . , x0

p

)
−λiGi

(
y0

i1, y0
i2, . . . , y0

ip

))
.

Since y0
1i ∈ T1i(x0

1), y0
2i ∈ T2i(x0

2), …, y0
pi ∈ Tpi(x0

p) (i = 1, 2, . . . , p), by Nadler’s
Theorem [48], there exist y1

1i ∈ T1i(x1
1), y1

2i ∈ T2i(x1
2), …, y1

pi ∈ Tpi(x1
p) (i = 1, 2, . . . , p),

such that for each i = 1, 2, . . . , p,∥∥y1
1i − y0

1i

∥∥ ≤ (1 + 1)D̃
(
T1i
(
x1

1

)
, T1i

(
x0

1

))
,∥∥y1

2i − y0
2i

∥∥ ≤ (1 + 1)D̃
(
T2i
(
x1

1

)
, T2i

(
x0

1

))
,

. . .∥∥y1
pi − y0

pi

∥∥ ≤ (1 + 1)D̃
(
Tpi
(
x1

1

)
, Tpi

(
x0

1

))
.

For i = 1, 2, . . . , p, let

x2
i =x1

i −gi

(
x1

i

)
+RHi,ηi

Mi,λi

(
Hi

(
gi

(
x1

i

))
−λiFi

(
x1

1, x1
2, . . . , x1

p

)
−λiGi

(
y1

i1, y1
i2, . . . , y1

ip

))
.

Again by Nadler’s Theorem, there exist y2
1i ∈ T1i(x2

1), y2
2i ∈ T2i(x2

2), …, y2
pi ∈ Tpi(x2

p)

(i = 1, 2, . . . , p), such that for each i = 1, 2, . . . , p,

∥∥y2
1i − y1

1i

∥∥ ≤
(

1 + 1
2

)
D̃(T1i(x

2
1), T1i(x

1
1)),

∥∥y2
2i − y1

2i

∥∥ ≤
(

1 + 1
2

)
D̃(T2i(x2

1), T2i(x1
1)),

. . .∥∥y2
pi − y1

pi

∥∥ ≤
(

1 + 1
2

)
D̃(Tpi(x2

1), Tpi(x1
1)).

By induction, we can obtain the following p-step iterative algorithm for solving
problem (3.1) as following:
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Algorithm 3.1 For any given x0
i ∈ Hi (i = 1, 2, . . . , p), we can compute the sequences

xn
i , yn

1i, yn
2i, …, yn

pi (i = 1, 2, . . . , p) by the following p-step iterative schemes such that
for each i = 1, 2, . . . , p,

xn+1
i = xn

i − gi
(
xn

i
)+ RHi,ηi

Mi,λi

(
Hi
(
gi
(
xn

i
))− λiFi

(
xn

1 , xn
2 , . . . , xn

p
)

−λiGi(yn
i1, yn

i2, . . . , yn
ip
))

. (3.9)

yn
1i ∈ T1i

(
xn

1

)
, ‖yn

1i − yn−1
1i ‖ ≤

(
1 + 1

n

)
D̃
(
T1i
(
xn

1

)
, T1i

(
xn−1

1

))
, (3.10)

yn
2i ∈ T2i

(
xn

2
)
, ‖yn

2i − yn−1
2i ‖ ≤

(
1 + 1

n

)
D̃
(
T2i
(
xn

2
)
, T2i

(
xn−1

2

))
, (3.11)

. . .

yn
pi ∈ Tpi

(
xn

p
)
, ‖yn

pi − yn−1
pi ‖ ≤

(
1 + 1

n

)
D̃
(
Tpi
(
xn

p
)
, Tpi

(
xn−1

p
))

. (3.12)

for all n = 0, 1, 2, . . ..

we give a p-step iterative algorithm for solving Problem (3.4) as follows:

Algorithm 3.2 For any given x0
i ∈ Hi (i = 1, 2, . . . , p), we can compute the sequences

xn
i (i = 1, 2, . . . , p) by the following p-step iterative schemes such that for each i =

1, 2, . . . , p,

xn+1
i = RHi,ηi

Mi,λi

(
Hi
(
xn

i
)− λiFi(xn

1 , xn
2 , . . . , xn

p)
)
. (3.13)

for all n = 0, 1, 2, . . ..

Let E = E∗ = H be a Hilbert space, we can rewrite Definition 2.3 introduced by
Ahmad and Siddiqi [46] as follows.

Definition 3.1 Let η : H × H and H : H → H be two single-valued mappings, ϕ : H →
R ∪ {+∞} be a proper, η-subdifferentiable functional. If for each x ∈ H and for any
ρ > 0, there exist a unique point u ∈ H satisfying

〈Hu − x, η(y, u)〉 ≥ ρϕ(u) − ρϕ(y), ∀y ∈ H,

then the mapping x �→ u, denoted by JH,λ
∂ηϕ is said to be Jη-proximal mapping of ϕ.

By the definition of JH,λ
∂ηϕ , we have x − Hu ∈ ρ∂ηϕ(u), it follows that

JH,λ
∂ηϕ (x) = (H + ρ∂ηϕ)−1(x).

Remark 3.1 If H = I, then the definition of Jη-proximal mapping of ϕ becomes that
of the η-proximal mapping of ϕ in [47].

we also give a p-step iterative algorithm for solving problem (3.6) as follows:

Algorithm 3.3 For any given x0
i ∈ Hi (i = 1, 2, . . . , p), we can compute the sequences

xn
i (i = 1, 2, . . . , p) by the following p-step iterative schemes such that for each i =

1, 2, . . . , p,

xn+1
i = JHi,λi

∂ηj ϕj

(
xn

i − λiFi
(
xn

1 , xn
2 , . . . , xn

p
))

. (3.14)

for all n = 0, 1, 2, . . ., where JHi,λi
∂ηj ϕj

= (Hi + λi∂ηjϕj)
−1.
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4 Existence of solutions and convergence of some iterative algorithms

We first prove the existence of solutions for Problem (3.1) and the convergence of the
p-step iterative sequences generated by Algorithm 3.1.

Theorem 4.1 For i = 1, 2, . . . , p, let ηi : Hi × Hi −→ Hi be Lipshitz continuous with
constant τi, Hi : Hi −→ Hi be strongly ηi-monotone and Lipschitz continuous with
constant γi and δi, respectively, gi : Hi −→ Hi be strongly monotone and Lipschitz
continuous with constant ri and si, respectively, Fi :

∏p
k=1 Hk −→ Hi be strongly

monotone with respect to ĝi in the ith argument with constant αi > 0, Lipschitz con-
tinuous in the jth argument with constant βij > 0 for j = 1, . . . , i − 1, i, i + 1, . . . , p,
where ĝi : Hi −→ Hi is defined by ĝi(xi) = Hi ◦ gi(xi) = Hi(gi(xi)), ∀xi ∈ Hi, and
Gi :

∏p
k=1 Hk −→ Hi be Lipschitz continuous in the jth argument with constant ξij > 0

for j = 1, 2, . . . , p, Mi : Hi −→ 2Hi be an (Hi, ηi)-monotone operator, and the set-val-
ued mappings T1i : H1 −→ CB(Hi), T2i : H2 −→ CB(Hi),…,Tpi : Hp −→ CB(Hi) be
D̃-Lipschitz continuous with constants l1i > 0, l2i > 0,…, lpi > 0, respectively. If there
exist constants λi > 0 (i = 1, 2, . . . , p) such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
1 − 2r1 + s1

2 + τ1
γ1

√
δ1

2s1
2 − 2λ1α1 + λ2

1β11
2

+ τ1
γ1

λ1

[
ξ11l11 +

p∑
j=2

(βj1 + ξj1lj1)

]
< 1,

√
1 − 2r2 + s22 + τ2

γ2

√
δ2

2s22 − 2λ2α2 + λ2
2β22

2

+ τ2
γ2

λ2

[
(β12 + ξ12l12) + ξ22l22 +

p∑
j=3

(βj2 + ξj2lj2)

]
< 1,

. . .√
1 − 2rp + sp

2 + τp
γp

√
δp

2sp
2 − 2λpαp + λ2

pβpp
2

+ τp
γp

λp

[
p−1∑
j=1

(βjp + ξjpljp) + ξpplpp

]
< 1.

(4.1)

Then Problem (3.1) admits a solution (x1, x2, . . . , xp, y11, y12, . . . , y1p, y21,
y22, . . . , y2p,. . . , yp1, yp2, . . . , ypp) and sequences xn

1, xn
2 , . . . , xn

p, yn
11, yn

12, . . . , yn
1p, yn

21, yn
21,

…,yn
2p, …, yn

p1,yn
p2,…,yn

pp converge to x1, x2, . . . , xp, y11, y12, . . . , y1p, y21, y22, . . . , y2p,…,
yp1, yp2, . . . , ypp, respectively, where xn

i , yn
1i, yn

2i, …, yn
pi (i = 1, 2, . . . , p) are the se-

quences generated by Algorithm 3.1.

Proof For i = 1, 2, . . . , p, let �n
i ≡ Hi(gi(xn

i )) − λiFi(xn
1 , xn

2 , . . . , xn
p) − λi

Gi(yn
i1, yn

i2, . . . , yn
ip).

By (3.9) and Lemma 2.1, we have,
∥∥∥xn+1

i − xn
i

∥∥∥ =
∥∥∥xn

i − gi(xn
i ) + RHi,ηi

Mi,λi
(Hi(gi(xn

i )) − λiFi(xn
1 , xn

2 , . . . , xn
p) − λiGi(yn

i1, yn
i2, . . . , yn

ip))

−
[
xn−1

i − gi(xn−1
i ) + RHi,ηi

Mi,λi
(Hi(gi(xn−1

i ))

−λiFi(x
n−1
1 , xn−1

2 , . . . , xn−1
p ) − λiGi(y

n−1
i1 , yn−1

i2 , . . . , yn−1
ip ))

]∥∥∥
≤
∥∥∥xn

i − xn−1
i −

[
gi(xn

i ) − gi(xn−1
i )

]∥∥∥+
∥∥∥RHi,ηi

Mi,λi
(�n

i ) − RHi,ηi
Mi,λi

(�n−1
i )

∥∥∥
≤
∥∥∥xn

i − xn−1
i −

[
gi(xn

i ) − gi(xn−1
i )

]∥∥∥+ τi

γi

∥∥∥�n
i − �n−1

i

∥∥∥ , i = 1, 2, . . . , p. (4.2)
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Since gi : Hi −→ Hi is strongly monotone and Lipschitz continuous with constant ri
and si, respectively, we have,

‖xn
i − xn−1

i − [gi(xn
i ) − gi(xn−1

i )]‖2

≤ ‖xn
i − xn−1

i ‖2 − 2〈gi(xn
i ) − gi(xn−1

i ), xn
i − xn−1

i 〉 + ‖gi(xn
i ) − gi(xn−1

i )‖2

≤ (1 − 2ri + si
2)‖xn

i − xn−1
i ‖2, i = 1, 2, . . . , p. (4.3)

And

‖�n
i − �n−1

i ‖
= ‖Hi(gi(xn

i )) − λiFi(xn
1 , xn

2 , . . . , xn
p)

−λiGi(yn
i1, yn

i2, . . . , yn
ip)

−[Hi(gi(xn−1
i )) − λiFi(x

n−1
1 , xn−1

2 , . . . , xn−1
p )

−λiGi(y
n−1
i1 , yn−1

i2 , . . . , yn−1
ip )]‖

≤ ‖Hi(gi(xn
i )) − Hi(gi(xn−1

i )) − λi[Fi(xn
1 , . . . , xn

i−1, xn
i , xn

i+1 . . . , xn
p)

−Fi(xn
1 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p)]‖

+λi‖Fi(xn
1 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p)

−Fi(x
n−1
1 , . . . , xn−1

i−1 , xn−1
i , xn−1

i+1 . . . , xn−1
p )‖

+λi‖Gi(yn
i1, yn

i2, . . . , yn
ip)−Gi(y

n−1
i1 , yn−1

i2 , . . . , yn−1
ip )‖, i=1, 2, . . . , p. (4.4)

Since Fi :
∏p

k=1 Hk −→ Hi is strongly monotone with respect to ĝi in the ith argu-
ment with constant αi > 0, and Lipschitz continuous in the ith argument with constant
βii > 0, respectively, we get,

‖Hi(gi(xn
i )) − Hi(gi(xn−1

i )) − λi[Fi(xn
1 , . . . , xn

i−1, xn
i , xn

i+1 . . . , xn
p)

−Fi(xn
1 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p)]‖2

≤ ‖Hi(gi(xn
i )) − Hi(gi(xn−1

i ))‖2

−2λi〈Fi(xn
1 , . . . , xn

i−1, xn
i , xn

i+1 . . . , xn
p)

−Fi(xn
1 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p), Hi(gi(xn

i )) − Hi(gi(xn−1
i ))〉

+λ2
i ‖Fi(xn

1 , . . . , xn
i−1, xn

i , xn
i+1 . . . , xn

p)

−Fi(xn
1 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p)‖2

≤ (δi
2si

2 − 2λiαi + λ2
i βii

2)‖xn
i − xn−1

i )‖2, i = 1, 2, . . . p. (4.5)

Since Fi :
∏p

k=1 Hk −→ Hi is Lipschitz continuous in the jth argument with constant
βij > 0 for j = 1, . . . , i − 1, i + 1, . . . , p, we have,
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‖Fi(xn
1 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p) − Fi(x

n−1
1 , . . . , xn−1

i−1 , xn−1
i , xn−1

i+1 . . . , xn−1
p )‖

≤ ‖Fi(xn
1 , xn

2 , . . . , xn
i−1, xn−1

i , xn
i+1 . . . , xn

p)

−Fi(x
n−1
1 , xn

2 , . . . , xn
i−1, xn−1

i , xn
i+1 . . . , xn

p)‖
+‖Fi(x

n−1
1 , xn

2 , xn
3 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p)

−Fi(x
n−1
1 , xn−1

2 , xn
3 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p)‖

+‖Fi(x
n−1
1 , xn−1

2 , xn−1
3 , . . . , xn

i−1, xn−1
i , xn

i+1 . . . , xn
p)

−Fi(x
n−1
1 , xn−1

2 , xn−1
3 , . . . , xn−1

i−1 , xn−1
i , xn

i+1 . . . , xn
p)‖

+‖Fi(x
n−1
1 , xn−1

2 , xn−1
3 , . . . , xn−1

i−1 , xn−1
i , xn

i+1 . . . , xn
p)

−Fi(x
n−1
1 , xn−1

2 , xn−1
3 , . . . , xn−1

i−1 , xn−1
i , xn−1

i+1 . . . , xn
p)‖

+‖Fi(x
n−1
1 , xn−1

2 , . . . , xn−1
i−1 , xn−1

i , xn−1
i+1 . . . , xn

p)

−Fi(x
n−1
1 , xn−1

2 , . . . , xn−1
i−1 , xn−1

i , xn−1
i+1 . . . , xn−1

p )‖
≤ βi1‖xn

1 − xn−1
1 ‖ + βi2‖xn

2 − xn−1
2 ‖ + . . . + βi,i−1‖xn

i−1 − xn−1
i−1 ‖

+βi,i+1‖xn
i−1 − xn−1

i+1 ‖ + . . .

+βi,p‖xn
p − xn−1

p ‖ =
i−1∑
j=1

βij‖xn
j − xn−1

j ‖

+
p∑

j=i+1

βij‖xn
j − xn−1

j ‖, i = 1, 2, . . . p. (4.6)

It follows from the Lipschitz continuity of Gi, the D̃-Lipschitz continuity of Tij,
(3.10), (3.11) and (3.12) that∥∥∥Gi(yn

i1, yn
i2, . . . , yn

ip) − Gi(y
n−1
i1 , yn−1

i2 , . . . , yn−1
ip )

∥∥∥
≤
∥∥∥Gi(yn

i1, yn
i2, . . . , yn

ip) − Gi(y
n−1
i1 , yn

i2, . . . , yn
ip)

∥∥∥
+
∥∥∥Gi(y

n−1
i1 , yn

i2, . . . , yn
ip) − Gi(y

n−1
i1 , yn−1

i2 , . . . , yn
ip)

∥∥∥
+
∥∥∥Gi(y

n−1
i1 , yn−1

i2 , . . . , yn
ip) − Gi(y

n−1
i1 , yn−1

i2 , . . . , yn−1
ip )

∥∥∥
≤

p∑
j=1

ξij

∥∥∥yn
ij − yn−1

ij

∥∥∥ ≤
p∑

j=1

ξij

(
1 + 1

n

)
D̃(Tij(xn

i ), Tij(xn−1
i ))

≤
p∑

j=1

ξij

(
1 + 1

n

)
lij
∥∥∥xn

i − xn−1
i

∥∥∥ , i = 1, 2, . . . , n. (4.7)

It follows from (4.2)–(4.7) that for i = 1, 2, . . . , p,

‖xn+1
i − xn

i ‖ ≤
[√

1 − 2ri + si
2

+ τi

γi

(√
δi

2si
2 − 2λiαi + λ2

i βii
2 + λiξiilii

(
1 + 1

n

))]∥∥∥xn
i − xn−1

i

∥∥∥
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+
i−1∑
j=1

λj

(
βij + ξijlij

(
1 + 1

n

))
τj

γj

∥∥∥xn
j − xn−1

j

∥∥∥

+
p∑

j=i+1

λj

(
βij + ξijlij

(
1 + 1

n

))
τj

γj

∥∥∥xn
j − xn−1

j

∥∥∥ . (4.8)

Therefore,
p∑

i=1

‖xn+1
i − xn

i ‖ ≤
p∑

i=1

{[√
1 − 2ri + si2

+ τi

γi

(√
δi2si2 − 2λiαi + λ2

i βii2 + λiξiilii

(
1 + 1

n

))]
‖xn

i − xn−1
i ‖

+
i−1∑
j=1

λj

(
βij + ξijlij

(
1 + 1

n

))
τj

γj
‖xn

j − xn−1
j ‖

+
p∑

j=i+1

λj

(
βij + ξijlij

(
1 + 1

n

))
τj

γj
‖xn

j − xn−1
j ‖

}

=
(√

1 − 2r1 + s1
2 + τ1

γ1

√
δ1

2s1
2 − 2λ1α1 + λ2

1β11
2

+ τ1
γ1

λ1

⎡
⎣ξ11l11

(
1 + 1

n

)
+

p∑
j=2

(
βj1 + ξj1lj1

(
1 + 1

n

))⎤
⎦
⎞
⎠ ‖xn

1 − xn−1
1 ‖

+
⎛
⎝√1 − 2r2 + s22 + τ2

γ2

√
δ2

2s22 − 2λ2α2 + λ2
2β22

2 + τ2
γ2

λ2

⎡
⎣
(

β12 + ξ12l12

(
1 + 1

n

))

+ξ22l22

(
1 + 1

n

)
+

p∑
j=3

(
βj2 + ξj2lj2

(
1 + 1

n

))⎤
⎦
⎞
⎠ ‖xn

2 − xn−1
2 ‖ + . . .

+
(√

1 − 2rp + sp2 + τp

γp

√
δp2sp2 − 2λpαp + λ2

pβpp2

+ τp

γp
λp

⎡
⎣p−1∑

j=1

(
βjp + ξjpljp

(
1 + 1

n

))
+ ξpplpp

(
1 + 1

n

)⎤
⎦
⎞
⎠ ‖xn

p − xn−1
p ‖

≤ θn

⎛
⎝ p∑

i=1

‖xn
i − xn−1

i ‖
⎞
⎠ , (4.9)

where

θn = max

{√
1 − 2r1 + s1

2 + τ1
γ1

√
δ1

2s1
2 − 2λ1α1 + λ2

1β11
2

+ τ1
γ1

λ1

⎡
⎣ξ11l11

(
1 + 1

n

)
+

p∑
j=2

(
βj1 + ξj1lj1

(
1 + 1

n

))⎤
⎦ ,

√
1 − 2r2 + s22 + τ2

γ2

√
δ2

2s22 − 2λ2α2 + λ2
2β22

2

+ τ2
γ2

λ2

⎡
⎣
(

β12 + ξ12l12

(
1 + 1

n

))
+ ξ22l22

(
1 + 1

n

)
+

p∑
j=3

(
βj2 + ξj2lj2

(
1 + 1

n

))⎤
⎦ ,
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. . . ,
√

1 − 2rp + sp2 + τp

γp

√
δp2sp2 − 2λpαp + λ2

pβpp2

+ τp

γp
λp

⎡
⎣p−1∑

j=1

(
βjp + ξjpljp

(
1 + 1

n

))
+ ξpplpp

(
1 + 1

n

)⎤⎦
⎫⎬
⎭ .

Let

θ = max

⎧⎨
⎩
√

1 − 2r1 + s1
2 + τ1

γ1

√
δ1

2s1
2 − 2λ1α1 + λ2

1β11
2 + τ1

γ1
λ1

⎡
⎣ξ11l11 +

p∑
j=2

(
βj1 + ξj1lj1

)⎤⎦ ,

√
1−2r2+s22+ τ2

γ2

√
δ2

2s22−2λ2α2+λ2
2β22

2+ τ2
γ2

λ2

⎡
⎣(β12+ξ12l12

)+ξ22l22+
p∑

j=3

(
βj2+ξj2lj2

)⎤⎦ ,

. . . ,
√

1 − 2rp + sp2 + τp

γp

√
δp2sp2 − 2λpαp + λ2

pβpp2 + τp

γp
λp

⎡
⎣p−1∑

j=1

(
βjp + ξjpljp

)+ ξpplpp

⎤
⎦
⎫⎬
⎭ .

Then θn −→ θ as n −→ ∞. By (4.1), we know that 0 < θ < 1 and so (4.9) implies
that xn

1 , xn
2 ,…, xn

p are all Cauchy sequences. Thus, there exist x1 ∈ H1, x2 ∈ H2,…,
xp ∈ Hp such that xn

1 −→ x1, xn
2 −→ x2,…, xn

p −→ xp as n −→ ∞.
Now we prove that yn

1i −→ y1i ∈ T1i(x1), yn
2i −→ y2i ∈ T2i(x2), …, yn

pi −→ ypi ∈
Tpi(xp) (i = 1, 2, . . . , p). In fact, it follows from the Lipschitz continuity of T1i, T2i, …,
Tpi and (3.14)–(3.22) that for i = 1, 2, . . . , p,

‖yn
1i − yn−1

1i ‖ ≤
(

1 + 1
n

)
l1i‖xn

1 − xn−1
1 ‖, (4.10)

‖yn
2i − yn−1

2i ‖ ≤
(

1 + 1
n

)
l2i‖xn

2 − xn−1
2 ‖, (4.11)

. . .

‖yn
pi − yn−1

pi ‖ ≤
(

1 + 1
n

)
lpi‖xn

p − xn−1
p ‖. (4.12)

From (4.10)–(4.12), we know that yn
1i, yn

2i, …, yn
pi( i = 1, 2, . . . , p) are also Cauchy

sequences. Therefore, there exist y1i ∈ H1, y2i ∈ H2, …,ypi ∈ Hp such that yn
1i −→ y1i,

yn
2i −→ y2i, …, yn

pi −→ ypi as n −→ ∞. Further, for i = 1, 2, . . . , p,

d(y1i, T1i(x1)) ≤ ∥∥y1i − yn
1i

∥∥+ d(yn
1i, (T1i(x1)))

≤ ∥∥y1i − yn
1i

∥∥+ D̃((T1i(x
n
1)), (T1i(x1)))

≤ ∥∥y1i − yn
1i

∥∥+ l1i
∥∥xn

1 − x1
∥∥ −→ 0.

Since T1i(x1) is closed, we have y1i ∈ T1i(x1) (i = 1, 2, . . . , p). Similarly, y2i ∈
T2i(x2), . . . , ypi ∈ Tpi(xp) (i = 1, 2, . . . , p). By continuity of gi, Hi, Fi, Gi, T1i, T2i, . . . ,
Tpi, RHi,ηi

Mi,λi
and Algorithm 3.1, we know that x1, x2, . . . , xp, y11, y12, . . . , y1p, y21, y22, . . . ,

y2p, . . . , yp1, yp2, . . . , ypp satisfy the following relation,

gi(xi) = RHi,ηi
Mi,λi

(Hi(gi(xi)) − λiFi(x1, x2, . . . , xp)−λiGi(yi1, yi2, . . . , yip)), i=1, 2, . . . , p

By Lemma 3.1, (x1, x2, . . . , xp, y11, y12, . . . , y1p, y21, y22, . . . , y2p,…,yp1, yp2, . . . , ypp)

is a solution of problem (3.1). This completes the proof. �
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Remark 4.1 By the results in Sects. 3 and 4, it is easy to obtain the convergence results
of iterative algorithms for the other special cases of Problem (3.1), now we give two
examples as follows.

For i = 1, 2, . . . , p, let Gi = 0, gi = Ii, then ri = si = 1, ξij = 0 for i, j = 1, 2, . . . , p.
By Theorem 4.1, we have the following result.

Corollary 4.1 For i = 1, 2, . . . , p, let ηi : Hi × Hi −→ Hi be Lipshitz continuous with
constant τi, Hi : Hi −→ Hi be strongly ηi-monotone and Lipschitz continuous with
constant γi and δi, respectively, Fi :

∏p
k=1 Hk −→ Hi be strongly monotone with respect

to Hi in the ith argument with constant αi > 0, Lipschitz continuous in the jth argu-
ment with constant βij > 0 for j = 1, . . . , i − 1, i, i + 1, . . . , p, Mi : Hi −→ 2Hi be an
(Hi, ηi)-monotone operator. If there exist constants λi > 0 (i = 1, 2, . . . , p) such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ1
γ1

√
δ1

2 − 2λ1α1 + λ2
1β11

2 + τ1
γ1

λ1

(
p∑

j=2
βj1

)
< 1,

τ2
γ2

√
δ2

2 − 2λ2α2 + λ2
2β22

2 + τ2
γ2

λ2

(
β12 +

p∑
j=3

βj2

)
< 1,

. . .

τp
γp

√
δp

2 − 2λpαp + λ2
pβpp

2 + τp
γp

λp

(
p−1∑
j=1

βjp

)
< 1.

(4.13)

Then Problem (3.4) admits a solution (x1, x2, . . . , xp) and sequences xn
1 , xn

2 , . . . , xn
p

converge to x1, x2, . . . , xp are the sequences generated by Algorithm 3.2.

Lemma 4.1 Let H : H → H be strongly η-monotone with constant γ > 0, η : H ×H →
H be Lipschitz continuous with constant τ > 0 such that η(x, y) = −η(y, x) for all
x, y ∈ H and for any given x ∈ H, the function h(y, u) = 〈x − Hu, η(y, u)〉 is 0-diago-
nally quasi-concave in y, ϕ : H → R∪{+∞} be a proper, η-subdifferentiable functional.
Then ∂ηϕ is (H, η)-monotone.

Proof We can prove that ∂ηϕ is η-monotone. In fact, for any x1, x2 ∈ H, f ∗
1 ∈

∂ηϕ(x1), f ∗
2 ∈ ∂ηϕ(x2), we have

ϕ(y) − ϕ(x1) ≥ 〈f ∗
1 , η(y, x1)〉, ∀y ∈ H. (4.14)

ϕ(y) − ϕ(x2) ≥ 〈f ∗
2 , η(y, x2)〉, ∀y ∈ H. (4.15)

Taking y = x2 in (4.14) and y = x1 in (4.15), and adding these inequalities, we
obtain

〈f ∗
1 , η(x2, x1)〉 + 〈f ∗

2 , η(x1, x2)〉 ≤ 0. (4.16)

Since η(x2, x1) = −η(x1, x2) for all x1, x2 ∈ H, we have

〈f ∗
1 − f ∗

2 , η(x1, x2)〉 ≥ 0.

The above inequality implies that ∂ηϕ is η-monotone.
It follows from Theorem 2.1 in [46] that for any ρ > 0, and any x ∈ H, there exists

a unique u ∈ H such that x − Hu ∈ ρ∂ηϕ(u). That is, x ∈ (H + ρ∂ηϕ)(u). This implies
that H ⊆ (H + ρ∂ηϕ)(H). And so (H + ρ∂ηϕ)(H) = H. This completes the proof. �

For i = 1, 2, . . . , p, let Mi = ∂ηiϕi. By Corollary 4.1 and Lemma 4.1, we have the
following result.



J Glob Optim (2007) 38:387–403 401

Corollary 4.2 For i = 1, 2, . . . , p, let Hi : Hi −→ Hi be strongly ηi-monotone and
Lipschitz continuous with constant γi and δi, respectively, ηi: Hi × Hi −→ Hi be Lips-
chitz continuous with constant τi such that ηi(xi, yi) = −ηi(yi, xi) for all xi, yi ∈ Hi and
for any given xi ∈ Hi, the function hi(yi, ui) = 〈xi − Hiui, ηi(yi, ui)〉 is 0-diagonally
quasi-concave in yi, ϕj : Hj −→ R ∪ {+∞} is a proper, ηj-subdifferentiable functional,
Fi :
∏p

k=1 Hk −→ Hi be strongly monotone with respect to Hi in the ith argument with
constant αi > 0, Lipschitz continuous in the jth argument with constant βij > 0 for
j = 1, . . . , i − 1, i, i + 1, . . . , p. If there exist constants λi > 0 (i = 1, 2, . . . , p) such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ1
γ1

√
δ1

2 − 2λ1α1 + λ2
1β11

2 + τ1
γ1

λ1

(
p∑

j=2
βj1

)
< 1,

τ2
γ2

√
δ2

2 − 2λ2α2 + λ2
2β22

2 + τ2
γ2

λ2

(
β12 +

p∑
j=3

βj2

)
< 1,

. . .

τp
γp

√
δp

2 − 2λpαp + λ2
pβpp

2 + τp
γp

λp

(
p−1∑
j=1

βjp

)
< 1.

(4.17)

Then Problem (3.6) admits a solution (x1, x2, . . . , xp) and sequences xn
1 , xn

2 , . . . , xn
p

converge to x1, x2, . . . , xp are the sequences generated by Algorithm 3.3.

Remark 4.2 Theorem 4.1, Corollary 4.1 and Corollary 4.2 unifies, improves and
extends those corresponding results in [20–26,34–37] in several aspects.

Remark 4.3 Problem (3.6) can not be treated in the classical framework of maximal
monotone operators.
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